New type of conductivity oscillations in quantized films with rough walls 
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A new type of quantum size effect (QSE) oscillations is predicted for films with a relatively large 
correlation radius of surface inhomogeneities. The effect replaces usual QSE for random inho- 
mogeneities with Gaussian and exponential power spectra. The well-pronounced oscillations of 
conductivity a as a function of channel width L separate two distinct regions with different indices 
in the power- law dependence a (L) . The oscillations are explained and their positions identified. 
The effect is reminiscent of magnetic breakthrough and can simplify observation of QSE in metals. 
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Progress in nanofabrication reignited studies of ul- 
trathin films with quantum size effect (QSE). QSE de- 
scribes quantization of motion of particle across the film, 
Px T^j/L (below h, = 1), and leads to a split of the 3D 
energy spectrum e (p) into a set of minibands ej (q) (q is 
the 2D momentum along the film). QSE is routinely ob- 
served by various spectroscopic and STM methods (see, 
e.g., and references therein). QSE also leads to a pro- 
nounced saw-like dependence of conductivity a on, for ex- 
ample, film thickness L. Though only few transport mea- 
surements exhibit QSE directly it has been known for 
a long time that the saw-like curves a (L) should exist for 
both bulk and surface Q scattering. 

"Usual" QSE singularities in (J (L) correspond to 
abrupt changes in the number S — Int {L/ Xpn) of the 
occupied minibands ej in the points when the film thick- 
ness L becomes equal to L = knXp with integer k (the 
Fermi wavelength Xp — 1/pp). The drops in a (L) in 
these points are explained by an opening of k new scatter- 
ing channels associated with the scattering-driven tran- 
sitions to and from the newly accessible highest mini- 
band Cfc. The amplitude of these drops ("saw teeth") 
is determined by comparison of the interband transition 
probabilities Wj^y (q — q') with the intraband scatter- 



relators with exponential power spectra, consist of two 
smooth parts separated by an oscillation region. Curves 
3 and 4 for the power-law spectral functions exhibit usual 
saw-like QSE. The explanations for the new QSE and the 
disappearance of the usual saw-like QSE are interrelated. 




FIG. 1. Normalized functions /l (z) for cr(L), Eq.(|6|), 
/i (■^) //i (-^ = 110), at x = 200. Curves 1 and 2 (correlators 



ing (q - q'). When the off-diagonal W^^y become (|) and (|) with ^ = 0.5; /l (110) = 6.9 ■ 10*; 7.5 ■ 10=*) exhibit 



small, the amplitude of QSE jumps decreases reducing, 
eventually, the saw teeth to barely visible kinks on a (V). 

If elastic wall scattering is the main scattering mecha- 
nism, the usual QSE oscillations can always be observed 
for random surface inhomogeneities with small correla- 
tion radius ("size") R, R < L. For larger R the interband 
transitions are often suppressed making cr (L) smooth, al- 
most power-law curve. Below we demonstrate that there 
exists a new type of QSE oscillations at R > L between 
two distinct monotonic parts of cr(L). These new oscil- 
lations can be observed only if the Fourier image ( (q) 
of the correlation function of random surface inhomo- 
geneities C (s) (the so-called power spectrum) is rapidly 
going to zero at large q. This finding is illustrated in 
Figure 1. Curves 1 and 2, which show tr (L) for cor- 



new type of QSE oscillations. Curves 3,4 for surfaces with 



power spectrum (g) (A — 0.5; 0; /z, (110) 
exhibit usual saw-like QSE. 



3.9- 10^; 1.3- 10^) 



The results are based on the formalism ||] that unites 
earlier approaches to transport in systems with ran- 
dom rough walls with or without bulk scattering. Elas- 
tic wall scattering leads to transitions between the states 

(l) ^ * (q') with the probability Wjj' (q, q') which 

is proportional to the power spectrum of surface inho- 



mogeneities C (qj 
the miniband e., , e. 



c[ji) (qj is the Fermi momentum for 



cj, cj (qj) = ep). The rate of decrease of 
C (Qj ~ 1j' ) ^1 large q depends on the correlation length 
R via parameters i^jji — R\qj ~ qji |, 



1 



R/L 



(1) 



where z = L/\p. The diagonal Vjj — 0. The faster 
Wj^ji go to zero with increasing I'j^j' , the earher the 
transport signs of the usual QSE disappear. 

We compared a (L) for several realistic correlation 
functions 0: the Gaussian correlator, 

C{s)^fexp{-sy2R'), (2) 

power-law correlators with various /i, 

as) = 2^ie^Ry{s' + R')]'^'\ (3) 
including the Staras correlator fi — 1, the Lorentzian 

C (s) = 2£^R^/ {s^ + , (4) 



and the correlators with a power-law Fourier image, 



a^)^2nf [Ry{l + q'R^)] 



(5) 



The last group includes the Lorentzian in momentum 
space A = (see experiment and the exponential 
correlator C (s) = £^exp(-s/i?) at A = 1/2. All the 
correlators describe the surface inhomogeneities of the 
same average amplitude £ and, except for (jj), lead to the 
same conductivity a in the long-wave limit R/Xp 
in which a should not depend on details of the inhomo- 
geneities. The Fourier image of the Lorentzian (Q) con- 
tains the function Kg (qR) and diverges logarithmically 
at R/Xp 0. We do not want to get into the discus- 
sion to what extent this correlator is "physical". The 
fact that this correlator is used in some calculations |^ is 
sufficient enough to consider it. To deal with the diver- 
gency, one can truncate this correlator at large distances 
(commonly, at about 0.1 of the system length Q). The 
divergence, by itself, does not lead to any singularities 
in a. [Sometimes, the divergence of the power spectrum 
C (q) is associated with a fractal nature of the surface ; 
to what extent our approach can be used for films with 
fractal surfaces is an open question]. 

In all four Figures below curve 1 corresponds to the 
Gaussian correlator (||), curve 2 to Eq.(^) with /i = 1/2, 
and curves 3 and 4 to Eq.(^ with A = 1/2 and 0. 

The power spectrum of the Gaussian (^) decays at 
large qR as exp (^—q^R^/2) and the off-diagonal Wjj' go 
to zero faster than the diagonal ones by the factor 
exp (— j/|y/2). The power spectra of the correlators 
®) ' ®l contain (gi?)^ K^j, (qR) and Wj^j' go to zero 
as Vjj, exp {— Vjj/). The slowest, power-law decay of 
the power spectrum corresponds to inhomogeneities (|^). 
The amplitudes of the QSE drops of a (L) in the points 
z = L/Xp = kir decrease with increasing Vkj with the 
rate that reflects the dependence Wkj iykj). Accordingly, 
the QSE saw disappears, with increasing R, first for the 
surfaces with Gaussian inhomogeneities, then for the cor- 
relators (^ , (H), and almost never for (|). This different 



rate of suppression of QSE is illustrated in Figure 1 at 
X = R/Xp — 200. The 2D conductivity cr (L) is parame- 
terized as 



2e^ i?2 



(6) 



Since /l {z,x — 200) for correlators (^ — (||) with the 
same values of t and R have different orders of magnitude, 
functions /l, for better comparison, are normalized by 
their values at z = 110, /l [z) / Jl (110). At a; = 200, 

exp f|_^^-,/2^ and eyip {—Vj^j') are small and QSE is 

suppressed for Gaussian (||) and power-law (||) (^ — 0.5) 
correlations (curves 1,2), but still persists for the slowly 
decaying power spectra (||) with A = 0.5; (curves 3,4). 

What is unexpected is the appearance of a new os- 
cillation structure on curves 1,2 for z between 20 and 
90 for the Gaussian and power-law correlators. It looks 
as if there are two distinct regimes with large oscilla- 
tions in-between. These oscillations are not related to 
the usual QSE, i.e., to abrupt changes in the number of 
occupied minibands S (z) =Int(z/7r): the oscillations are 
less sharp, have a larger period roughly proportional to 
z^, and appear only at relatively large z and S. 

The explanation involves the interband transitions. It 
seems that at large x the off-diagonal Vjji (|l|) are large 
and the interband transitions are suppressed. However, 
for large z few of the elements Vjji with small j, which are 
close to the main diagonal, could become relatively small 
even for large x, i/jj+i (j <C z/tt) ~ tt^x (2j -I- 1) /2z^. 
Then the transitions j ^ j + \ become noticeable, 



Wf^ ix,z) 



Wll^ (x, z) 



(7) 



{Wj^ji'^^ are the angular harmonics of W (q^ — qy) over 
the angle cjjqj/). The opening of such transition chan- 
nels is accompanied by drops in conductivity. Eqs.(|^) 
define the positions Zj {x) of such drops in <j{L). At 
z = zi (x), Wi2 is the first of transition probabilities to 
acquire the "normal" order of magnitude. At z = Z2 (x), 
W23 becomes noticeable, then W34, etc. The amplitudes 
of the drops rapidly decrease with increasing j. In the 
end, when all interband channels with j ^ z/tt are open, 
a (L) becomes smooth, but with a much lower slope than 
in its initial part. The transitions i J + 1 with high j 
always remain suppressed at large x and the usual saw- 
like QSE does not reappear. The growth of transition 
probabilities for transitions j j + 2 does not result 
in new oscillations in <j{L). In the points z{x) where 



.jf -Wlj\the states 
and 



Wj,j+2 becomes large, W,-j+2 ~ 
j and j + 2 are already strongly coupled via Wj j+i 

Wj+i^j+2- 

According to B, for Gaussian inhomogeneities 
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2^6 



-QQ' 



Io,i {QQ') 



-{Q-Q'Y/2 



, (8) 



Q = qjR, Q' = qj'R. The asymptotic solution of (0) is 
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(x) « I vW + T)^ [in (xV2 (1 + 



-1/4 



(9) 



The values Zj {x = 200) = 24.3; 31.7; 37.7; .... agree well 
with the positions of the drops on curve 1 of Fig. 1 . 

For the surface with the power-law correlations of in- 
homogeneities with /i < 1, the solution of Eq.(|7|) is 
not sensitive to fi. With logarithmic accuracy 



Zj{x) = 7rV(2j + l)x/Ai 



(10) 



zy~ln x(l + y/2\n + l/i)) 



The saw-like drops in conductivity for usual QSE corre- 
spond to opening of transitions to and from the newly ac- 
cessible, highest miniband while all other interband tran- 
sitions are also allowed. The drops are equidistant with 
the period tt along the z axis. The new QSE oscillations 
in Fig. 1 correspond to the opening of transitions be- 
tween the lowest minibands while the transitions in and 
out of higher minibands are suppressed. The peaks are 
almost equidistant if plotted against z^. 

The initial part of the curves 1,2 for a (L) is described 
analytically by equations of Ref. |^ and is close to the 
power law a cx L^^"*"") (small a depends on x) and to 
experimental data of the first Ref. 0. After the region 
of new QSE oscillations, the curves are again smooth, 
but with a much smaller tangent. We do not have an 
analytical description for this regime. The numerical 
analysis yields either a = A + B ■ with small f3 

OT a + b ■ L + c ■ . This is close to experimental data 
pof and is different from the known behavior of a (L) at 
X — pfR ^ 1 (see second references in ||,P). 
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FIG. 2. Functions Jr (y) for a {R\ Eq.(|ll|), at z = 64.4. 
Curves 1 and 2 (correlators ^ and (^) with ^ = 0.5) exhibit 
new QSE (steps). Curves 3,4 (correlators (^) , A = 0.5; 0) are 
smooth in accordance with usual QSE. 

The dependence of the conductivity on the correlation 
radius of surface inhomogeneities, <y{R), is best illus- 
trated by the hmction fji {y, z = const) ^ 



2e^i2 



/fl (y, z = const) , 



(11) 



with y — R/L. The number of the occupied minibands 
S does not depend on the correlation radius of inho- 
mogeneities, and fa {y, z — const) does not exhibit any 
saw-like QSE. However, these curves exhibit the step-like 
structure that corresponds to the new QSE oscillations 
of Fig. 1. 

The positions of singularities 

yj (z) on fji (y, z = const) are identified by Eqs.(|^) with 
X = yz. The functions /r (y, z = 64.4) are plotted in Fig- 
ure 2 for several correlators. The steps on curve 1 in the 
points y = 25; 14; 8; ... agree well with the solution y (z) 
ofEq.(|). The same feature, though barely discernible, 
is also observed for the power-law correlators. [Minima 
in all curves near the vertical axis describe the region of 
the most effective surface scattering a.t ppR ^ 1]. 

The dependence of the conductivity cr on the density 
of fermions N or their Fermi momentum pf is best dis- 
played by the function /jv (z), 



(pf) = -^-^In (z, y = const) 



(12) 



Function a (pp) exhibits usual saw-like QSE at not very 
high y for all types of correlators. With increasing y, the 
saw teeth disappear, first for the Gaussian and later for 
the power-law correlators, and persist for the power-law 
correlators in the momentum space. 
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FIG. 3. Normalized functions /jv (z) for (t(pf), Eq.(^, 
/jv (z) /Jn (z = 44), at y — R/ L = 1. Curves 1 and 2 (corre- 
lators (|), (|) with = 0.5; Jn (44) = 5 • 10^ 2.5 • 10^) exhibit 
suppressed usual QSE peaks at small z that gradually trans- 
form at higher z into the new QSE oscillations with larger 
period. Curve 4 for surfaces with power spectrum (P) (A = 0; 
/iv (44) = 20.2) exhibits usual QSE. 

Curves /at (z) exhibit the effect related to the new QSE 
oscillations of Figure 1 for ct (L) and to the steps in Figure 
2 for a{R). Figure 3 shows normalized (by the highest 
value) functions Jn [z) for the correlators (||) (curve 1), 



3 



(|) = 1/2, curve 2), and (|) (A = 0.5, curve 4). The 
correlation radius R is small, y = 1, and the figure illus- 
trates the transition from usual to new QSE. The cor- 
relators (|^) have a slowly decaying power spectrum and 
the functions /n (z) reveal usual saw-like QSE. Curve 2 
starts as a usual QSE curve, but, with increasing z, the 
oscillations loose the saw-like shape and increase the pe- 
riod. Curve 1 for the Gaussian correlator with a much 
faster decaying power spectrum does not exhibit, even 
for the smallest z, neither the shape nor the periodicity 
of usual QSE. 

Curves /at (z) for the same correlators, but at y = 20, 
are shown in Figure 4. Curves 3,4 still exhibit usual QSE, 
while curves 1,2 show the well-developed oscillations of 
the new type. The peaks on curve 1 at zj (y — 20) = 
19.8; 50.3; 83.6; ... are in good agreement with Eq.(||) with 
X = yz. 
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FIG. 4. /iv {z) IfN {z = 126) for y = R/L = 20. Curves 1,2 
(correlators (§) and (|), ^ = 0.5; /jv (126) = 1.1 ■ lO''; 4.5- 10^) 
exhibit well-developed new QSE oscillations. Curves 3,4 for 
correlators (|) with A = 0.5; {/n (126) = 1.4 • 10*; 47) still 
exhibit usual saw-like QSE. 

In summary, we predict new type of QSE in conduc- 
tivity of films with random rough walls. The effect is 
reminiscent of magnetic breakthrough. The positions of 
the peaks (^ are determined by the angular harmon- 
ics of the correlation function of surface inhomogeneities. 
These new QSE singularities replace usual QSE for sur- 
face inhomogeneities with large correlation radius and 
with rapidly (exponentially) decaying power spectra such 
as for Gaussian or power-law correlation functions. Sur- 
faces with the power-law decay of the Fourier image of 
the correlation functions exhibit persistent standard QSE 
and do not exhibit new singularities. Dependences of the 
conductivity on the film thickness, correlation radius of 
inhomogeneities, and the particle density (Fermi momen- 
tum) display these new QSE anomalies in consistent, but 
somewhat different, ways. Analysis of transport along 
surfaces with large R by equations for usual QSE can 
result in misinterpretation of experimental data. Large 



period of new oscillations can make the observation of 
QSE in metal films easier (c/. the last of Refs. ||]). 
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